We propose a mathematical model describing the formation of micellar forms-whether spherical, globular, cylindrical, or ribbonlike-as well as its adaptation to protein structure. Our model, based on the fuzzy oil drop paradigm, assumes that in a spherical micelle the distribution of hydrophobicity produced by the alignment of polar molecules with the external water environment can be modeled by a 3D Gaussian function. Perturbing this function by changing the values of its sigma parameters leads to a variety of conformations-the model is therefore applicable to globular, cylindrical, and ribbonlike micelles. In the context of protein structures ranging from globular to ribbonlike, our model can explain the emergence of fibrillar forms; particularly amyloids.
Introduction
The formation of amyloids is often addressed by studies focused on prion diseases [1] . Indeed, amyloids cause pathological conditions in humans and animals-such as CJD (Creutzfeldt-Jakob disease) [2] or Alzheimer's disease [3] . Such conditions, frequently referred to as "misfolding diseases", are the result of improper protein folding [4] .
Structural changes which lead to the formation of fibrillar forms are peculiar in that they are not triggered by mutations [5] : under certain conditions a "correct" sequence may adopt a conformation which promotes linear elongation and prevents the formation of a globular protein. Despite a multitude of studies, the exact mechanism behind this process (including the specific conditions which promote formation of amyloid fibrils) remains a mystery [6] .
Analysis of protein conformations based on the fuzzy oil drop model is based on the assumption that in a "perfect" protein, hydrophobicity peaks at the geometric center of the molecule. Hydrophobicity is then assumed to decrease along with distance from the center, becoming close to 0 at the molecular surface. This distribution, mathematically expressed by a 3D Gaussian, is referred to as "idealized" or "theoretical" [7] . It ensures solubility and can only be achieved if folding occurs in an aqueous environment. On the other hand, the actual (observed) distribution of hydrophobicity in proteins often reveals deviations from the idealized Gaussian, which are thought to be function-related. A local deficit of hydrophobicity typically marks a ligand binding cavity [8] while excess hydrophobicity-if present on the surface-may indicate a complexation site [9, 10] . Other models oriented on micellar organization deal with dynamic forms [11] , including micellar aggregates studied in the context of membrane proteins [12, 13] . Studies of micellar forms and their applications in drug transport can be found in [14] [15] [16] [17] [18] [19] . Notably, the ability to construct a co-micelle (i.e., 
Fuzzy Oil Drop Model
The fuzzy oil drop model is thoroughly described in [34] , while its application in the analysis of amyloid structures is presented in [35, 36] .
This work focuses on micellar structures comprising individual polar molecules, regarded as structurally analogous to proteins. We show that by modifying the theoretical Gaussian we can apply the theoretical model to a wide variety of micellar forms, including proteins.
The 3D Gaussian (which, according to the model, expresses theoretical hydrophobicity) peaks at the center of the molecule and assumes near-zero values on its surface. Any cross-section of this distribution produces a corresponding 2D Gaussian. This type of distribution is observed in many real-world proteins, where hydrophobic residues congregate at the center of the protein body while hydrophilic residues are exposed on the surface.
Both hydrophobicity distribution profiles: theoretical (T-given by the Gaussian) and observed (O-computed by summing up hydrophobic interactions between each residue and its neighbors in a 9 Å radius) can be compared quantitatively. Quantitative expression of the differences between the expected (T) and observed (O) distribution is enabled by the Kullback-Leibler divergence entropy formula [37] :
The value of D KL expresses the distance between the observed (p) and target (p 0 ) distributions, the latter of which is given by the 3D Gaussian (T). The observed distribution (p) is referred to as O.
For the sake of simplicity, we introduce the following notation:
Given that D KL is a measure of entropy, it must be compared to a reference value. In order to facilitate meaningful comparisons we introduce another boundary distribution, referred to as "uniform" or "R", which corresponds to a situation where each effective atom possesses the same observed hydrophobicity (1/N, where N is the number of residues in the chain). This distribution is deprived of any form of hydrophobicity concentration at any point in the protein body:
Comparing O|T and O|R tells us whether the given protein (O) more closely approximates the theoretical (T) or uniform (R) distribution. Proteins for which O|T > O|R are regarded as lacking a prominent hydrophobic core. To further simplify matters, we introduce the following relative distance (RD) criterion:
The interpretation or RD in graphical form is depicted in Figure 1 . When the analysis is restricted to a specific fragment of the chain (e.g., a secondary fold), the observed distribution can also be compared to a reference distribution which reflects the intrinsic hydrophobicity (H) of each residue (as listed in [35] ). In such cases, O/R is replaced by O/H, i.e., the distance between the observed distribution and the intrinsic hydrophobicity (H) distribution for the given fragment of the polypeptide. The goal of this calculation is to determine the extent to which intrinsic hydrophobicity influences the final distribution, or, in other words-to what extent each residue participates in the generation of a common hydrophobic core. The following sections list two distinct values of RD: RD(R) and RD(H), respectively-this enables us to determine whether the conformation of the given fragment is aligned with the molecule-wide hydrophobic core or dominated by the intrinsic hydrophobicity of its component residues. When RD(R) < RD(H), RD(R) > 0.5, and RD(H) > 0.5, the fragment is assumed to deviate from the Gaussian distribution in favor of the intrinsic distribution. High values of all three parameters (as exhibited by some proteins) point to good alignment between the theoretical Gaussian and the observed distribution [35] . The leftmost chart (blue) presents the idealized Gaussian distribution (T) while the chart on the right corresponds to the uniform distribution (R) (green). (B) Actual hydrophobicity distribution (expressed by the RD parameter-red line) for the target protein is shown in the center and marked on the axis with a red dot. According to the fuzzy oil drop model, this protein contains a well-defined hydrophobic core. (C) Uniform distribution without any concentration of hydrophobicity in any point of the protein body. Vertical axes represent hydrophobicity, while horizontal axes represent distance (in multiplicities of σx). According to the three-sigma rule, the range between 0 + 3σ and 0 − 3σ covers more than 99% of the entire probability expressed by the Gaussian-hence a range of −4σ to +4σ is plotted. (D) The bottom axis shows the full range of the RD coefficient-from 0 (perfect Gaussian) to 1 (uniform distribution with no concentration of hydrophobicity at any point in the protein body).
In addition to the above, we calculate the correlation coefficients for the theoretical (Gaussian) vs. observed distribution (O-T), for the Gaussian vs. intrinsic distribution (T-H) and for the observed vs. intrinsic distribution (O-H). Comparing all three coefficients reveals the factors which determine the conformational preferences of a given fragment.
Modeling the Micellar Structure with a 3D Gaussian Function
A spherical micelle can be described by a Gaussian function where all three sigma parameters adopt identical values (σx = σy = σz). This situation is depicted in Figure 2 . The leftmost chart (blue) presents the idealized Gaussian distribution (T) while the chart on the right corresponds to the uniform distribution (R) (green). (B) Actual hydrophobicity distribution (expressed by the RD parameter-red line) for the target protein is shown in the center and marked on the axis with a red dot. According to the fuzzy oil drop model, this protein contains a well-defined hydrophobic core. (C) Uniform distribution without any concentration of hydrophobicity in any point of the protein body. Vertical axes represent hydrophobicity, while horizontal axes represent distance (in multiplicities of σ x ). According to the three-sigma rule, the range between 0 + 3σ and 0 − 3σ covers more than 99% of the entire probability expressed by the Gaussian-hence a range of −4σ to +4σ is plotted. (D) The bottom axis shows the full range of the RD coefficient-from 0 (perfect Gaussian) to 1 (uniform distribution with no concentration of hydrophobicity at any point in the protein body).
A spherical micelle can be described by a Gaussian function where all three sigma parameters adopt identical values (σ x = σ y = σ z ). This situation is depicted in Figure 2 . The leftmost chart (blue) presents the idealized Gaussian distribution (T) while the chart on the right corresponds to the uniform distribution (R) (green). (B) Actual hydrophobicity distribution (expressed by the RD parameter-red line) for the target protein is shown in the center and marked on the axis with a red dot. According to the fuzzy oil drop model, this protein contains a well-defined hydrophobic core.
(C) Uniform distribution without any concentration of hydrophobicity in any point of the protein body. Vertical axes represent hydrophobicity, while horizontal axes represent distance (in multiplicities of σx). According to the three-sigma rule, the range between 0 + 3σ and 0 − 3σ covers more than 99% of the entire probability expressed by the Gaussian-hence a range of −4σ to +4σ is plotted. (D) The bottom axis shows the full range of the RD coefficient-from 0 (perfect Gaussian) to 1 (uniform distribution with no concentration of hydrophobicity at any point in the protein body).
A spherical micelle can be described by a Gaussian function where all three sigma parameters adopt identical values (σx = σy = σz). This situation is depicted in Figure 2 . In this case, we are dealing with a "standard" spherical micelle, where-in order to avoid entropically disadvantageous contact with water-hydrophobic fragments are directed towards the center of the cluster while polar fragments are exposed on its surface (Figure 2A) .
In a globular micelle, one of the sigma parameters (for example σ y -as shown in Figure 3 ) is greater than the other two, which results in an elongated structure. This can be mathematically expressed as
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In a globular micelle, one of the sigma parameters (for example σy-as shown in Figure 3 ) is greater than the other two, which results in an elongated structure. This can be mathematically expressed as σy > σx = σz. Further increases in σy produce an even more elongated globular form. Cylindrical micelle-once σy reaches a high enough value, the central portion of the capsule starts to resemble a cylinder, with a nearly uniform cross-section radius. This can be expressed as σy >> σx = σz. The central portion is adequately described by a two-dimensional Gaussian function which no longer depends on the values of Y (as shown in Figure 4A ). Ribbonlike micelle-the situation changes qualitatively as σy becomes ever greater, along with an increase in one of the remaining parameters (for example, σy >>>> σx > σz, as shown in Figure 5 ). This stretches out the micelle into a ribbon-like structure whose width corresponds to the length of a single structural unit, while the thickness (Z axis) reflects the thickness of the unit molecule. Further increases in σ y produce an even more elongated globular form. Cylindrical micelle-once σ y reaches a high enough value, the central portion of the capsule starts to resemble a cylinder, with a nearly uniform cross-section radius. This can be expressed as σ y >> σ x = σ z . The central portion is adequately described by a two-dimensional Gaussian function which no longer depends on the values of Y (as shown in Figure 4A ). In this case, we are dealing with a "standard" spherical micelle, where-in order to avoid entropically disadvantageous contact with water-hydrophobic fragments are directed towards the center of the cluster while polar fragments are exposed on its surface (Figure 2A) .
In a globular micelle, one of the sigma parameters (for example σy-as shown in Figure 3 ) is greater than the other two, which results in an elongated structure. This can be mathematically expressed as σy > σx = σz. Further increases in σy produce an even more elongated globular form. Cylindrical micelle-once σy reaches a high enough value, the central portion of the capsule starts to resemble a cylinder, with a nearly uniform cross-section radius. This can be expressed as σy >> σx = σz. The central portion is adequately described by a two-dimensional Gaussian function which no longer depends on the values of Y (as shown in Figure 4A ). Ribbonlike micelle-the situation changes qualitatively as σy becomes ever greater, along with an increase in one of the remaining parameters (for example, σy >>>> σx > σz, as shown in Figure 5 ). This stretches out the micelle into a ribbon-like structure whose width corresponds to the length of a single structural unit, while the thickness (Z axis) reflects the thickness of the unit molecule. Ribbonlike micelle-the situation changes qualitatively as σ y becomes ever greater, along with an increase in one of the remaining parameters (for example, σ y >>>> σ x > σ z , as shown in Figure 5 ). This stretches out the micelle into a ribbon-like structure whose width corresponds to the length of a single structural unit, while the thickness (Z axis) reflects the thickness of the unit molecule. In a ribbonlike micelle the actual distribution of hydrophobicity may deviate from the Gaussian function, depending on the specific properties of the unit molecule ( Figure 5E ). An example is provided by Congo red-a dye which exhibits four distinct local hydrophobicity peaks ( Figure 6 ). Note that our analysis assumes a planar molecule, which is a simplification (in an actual Congo red molecule the benzidine group is angled, resulting in a spiral twist, which we do not take into account). In a ribbonlike micelle the actual distribution of hydrophobicity may deviate from the Gaussian function, depending on the specific properties of the unit molecule ( Figure 5E ). An example is provided by Congo red-a dye which exhibits four distinct local hydrophobicity peaks ( Figure 6 ). Note that our analysis assumes a planar molecule, which is a simplification (in an actual Congo red molecule the benzidine group is angled, resulting in a spiral twist, which we do not take into account). In a ribbonlike micelle the actual distribution of hydrophobicity may deviate from the Gaussian function, depending on the specific properties of the unit molecule ( Figure 5E ). An example is provided by Congo red-a dye which exhibits four distinct local hydrophobicity peaks ( Figure 6 ). Note that our analysis assumes a planar molecule, which is a simplification (in an actual Congo red molecule the benzidine group is angled, resulting in a spiral twist, which we do not take into account). Figure 6A shows a single dye molecule and the placement of polar groups with its phantom copy. Figure 6B depicts the distribution of charges [38] . Figure 6C reflects the distribution of hydrophobicity, calculated by flipping the chart shown in Figure 6B , on the assumption that the hydrophobicity is equivalent to "non-charge". The values shown in Figure 6C are calculated as follows: the absolute values of partial charges were normalized (PC). The pseudo-hydrophobicity was expressed as 1-PC. Finally, Figure 6D reveals the aggregation of highly hydrophobic areas in successive molecules. This type of aggregation persists even though actual Congo red molecules adopt a spiral (rotated) conformation due to the presence of an angled bond in their benzidine group.
As shown in Figure 6D , the distribution of hydrophobicity may deviate from the regular pattern given by the Gaussian function-even though we can explicitly design a molecule which presents hydrophilic residues at both ends. In this case, the observed distribution is heavily dependent on the location of individual fragments comprising the unit molecule ( Figure 5E ).
As previously stated, ribbonlike micelles satisfy σy >>>> σx > σz. The length of the micelle is determined by σy, which can be arbitrarily large. The width, determined by σx, corresponds to the length of the unit molecule (26 Å in the case of Congo red), while σz expresses the size of the unit molecule in its transverse plane.
Describing the protein structure with a 3D Gaussian Function-The spectrum of ellipsoid forms discussed in this section can be applied to protein structures. We begin by aligning the protein in such a way that its geometric center lies at the origin of the coordinate system. The molecule is then rotated so that its long diagonal coincides with the Y axis, while in the XZ plane the line connecting the most distal atoms (typically effective atoms, i.e., averaged-out positions of all atoms belonging to a given residue) runs parallel to the X axis. We then assume that the size of the molecule along each principal axis is equivalent to the corresponding sigma parameter, yielding a 3D Gaussian which fully encapsulates the protein body. This "fuzzy oil drop" model has been applied in the analysis of a variety of globular proteins [39, 40] .
Spherical protein micelle-a spherical structure can be obtained by directing hydrophobic residues towards the center of the protein body along with the exposure of hydrophilic residues, with all three sigma parameters adopting identical values. Several such proteins have been identified-the list includes antifreeze [39] and downhill [40] proteins.
The vast majority of proteins and protein domains can be characterized as globular proteins with the values of sigma parameters differing somewhat (σy > σx > σz). The list is very long and many such structures have been analyzed in our previous publications. From the point of view of the variability of sigma parameters, micelles comprised of proteins are much more variable than those which consist of identical surfactants. The difference between surfactant-and protein-based micelles lies in the way in which micellar forms are generated. The protein "micelle" is distinct in that it has a different number of degrees of freedom than a micelle consisting of individual surfactants. Identical Figure 6A shows a single dye molecule and the placement of polar groups with its phantom copy. Figure 6B depicts the distribution of charges [38] . Figure 6C reflects the distribution of hydrophobicity, calculated by flipping the chart shown in Figure 6B , on the assumption that the hydrophobicity is equivalent to "non-charge". The values shown in Figure 6C are calculated as follows: the absolute values of partial charges were normalized (PC). The pseudo-hydrophobicity was expressed as 1-PC. Finally, Figure 6D reveals the aggregation of highly hydrophobic areas in successive molecules. This type of aggregation persists even though actual Congo red molecules adopt a spiral (rotated) conformation due to the presence of an angled bond in their benzidine group.
As previously stated, ribbonlike micelles satisfy σ y >>>> σ x > σ z . The length of the micelle is determined by σ y , which can be arbitrarily large. The width, determined by σ x , corresponds to the length of the unit molecule (26 Å in the case of Congo red), while σ z expresses the size of the unit molecule in its transverse plane.
The vast majority of proteins and protein domains can be characterized as globular proteins with the values of sigma parameters differing somewhat (σ y > σ x > σ z ). The list is very long and many such structures have been analyzed in our previous publications. From the point of view of the variability of sigma parameters, micelles comprised of proteins are much more variable than those which consist of identical surfactants. The difference between surfactant-and protein-based micelles lies in the way in which micellar forms are generated. The protein "micelle" is distinct in that it has a different number of degrees of freedom than a micelle consisting of individual surfactants. Identical organic molecules are capable of generating a highly symmetrical structure (for instance, each transverse cross-section of a cylindrical micelle exhibits an identical distribution of hydrophobicity). Likewise, the stability of such micelles is constant throughout the aggregate (this applies equally to spherical, globular, cylindrical, and ribbonlike micelles).
In a polypeptide, covalent bonds between residues (analogous to individual molecules in surfactant micelles) and the limited rotational freedom about the Φ and Ψ angles mean that structural flexibility is greatly restricted-even though the overall goal, i.e., the internalization of hydrophobic residues, remains the same. Micelles composed of proteins are therefore imperfect globules, but can nevertheless be modeled with the use of a suitably adjusted Gaussian function. Proteins can assemble into highly ordered micelles (with a fuzzy-oil-drop-like distribution of hydrophobicity in the molecule), striking a balance between local disorder and general order. Such local disorder in micellar organization is only possible in protein micelles. Surfactant micelles are constructed by freely-moving independent molecules, resulting in highly ordered micellar forms.
Cylindrical protein micelle-this structural form occurs in proteins which comprise β-helix motifs (also referred to as solenoids). Here we describe a lyase-bacterial chondroitinase b pectate lyase (PDB ID: 1DBG) [33] and cell adhesion proteins such as Bordetella pertussis virulence factor p. 69 (PDB ID: 1DAB) [27] . Figure 7A illustrates the solenoid fragment of lyase (1DBG) as an example of a cylindrical protein micelle.
Ribbonlike protein micelle-it is interesting to consider a boundary case where σ y >>>> σ x > σ z . In order to study ribbonlike micelles consisting of polypeptides, such as those depicted in Figure 7B ,C, we must first make several additional assumptions. organic molecules are capable of generating a highly symmetrical structure (for instance, each transverse cross-section of a cylindrical micelle exhibits an identical distribution of hydrophobicity). Likewise, the stability of such micelles is constant throughout the aggregate (this applies equally to spherical, globular, cylindrical, and ribbonlike micelles). In a polypeptide, covalent bonds between residues (analogous to individual molecules in surfactant micelles) and the limited rotational freedom about the Φ and Ψ angles mean that structural flexibility is greatly restricted-even though the overall goal, i.e., the internalization of hydrophobic residues, remains the same. Micelles composed of proteins are therefore imperfect globules, but can nevertheless be modeled with the use of a suitably adjusted Gaussian function. Proteins can assemble into highly ordered micelles (with a fuzzy-oil-drop-like distribution of hydrophobicity in the molecule), striking a balance between local disorder and general order. Such local disorder in micellar organization is only possible in protein micelles. Surfactant micelles are constructed by freely-moving independent molecules, resulting in highly ordered micellar forms.
Ribbonlike protein micelle-it is interesting to consider a boundary case where σy >>>> σx > σz. In order to study ribbonlike micelles consisting of polypeptides, such as those depicted in Figure 7B ,C, we must first make several additional assumptions. [36] ); (C) single-layer ribbonlike micelle (fragment of 2MXU [26] ).
If we limit the value of the σx parameter as proportional to the average length of a β strand (by analogy to unit molecules forming an organic micelle-such as Congo red, where the width of the micelle is equivalent to the length of the dye molecule), and furthermore assume that σz is proportional to the thickness of the β sheet (or two layers thereof-see Figure 7B ), we arrive at a structure similar to the one presented in Figure 8 . If we limit the value of the σ x parameter as proportional to the average length of a β strand (by analogy to unit molecules forming an organic micelle-such as Congo red, where the width of the micelle is equivalent to the length of the dye molecule), and furthermore assume that σ z is proportional to the thickness of the β sheet (or two layers thereof-see Figure 7B ), we arrive at a structure similar to the one presented in Figure 8 . organic molecules are capable of generating a highly symmetrical structure (for instance, each transverse cross-section of a cylindrical micelle exhibits an identical distribution of hydrophobicity). Likewise, the stability of such micelles is constant throughout the aggregate (this applies equally to spherical, globular, cylindrical, and ribbonlike micelles). In a polypeptide, covalent bonds between residues (analogous to individual molecules in surfactant micelles) and the limited rotational freedom about the Φ and Ψ angles mean that structural flexibility is greatly restricted-even though the overall goal, i.e., the internalization of hydrophobic residues, remains the same. Micelles composed of proteins are therefore imperfect globules, but can nevertheless be modeled with the use of a suitably adjusted Gaussian function. Proteins can assemble into highly ordered micelles (with a fuzzy-oil-drop-like distribution of hydrophobicity in the molecule), striking a balance between local disorder and general order. Such local disorder in micellar organization is only possible in protein micelles. Surfactant micelles are constructed by freely-moving independent molecules, resulting in highly ordered micellar forms.
Ribbonlike protein micelle-it is interesting to consider a boundary case where σy >>>> σx > σz. In order to study ribbonlike micelles consisting of polypeptides, such as those depicted in Figure 7B ,C, we must first make several additional assumptions. If we limit the value of the σx parameter as proportional to the average length of a β strand (by analogy to unit molecules forming an organic micelle-such as Congo red, where the width of the micelle is equivalent to the length of the dye molecule), and furthermore assume that σz is proportional to the thickness of the β sheet (or two layers thereof-see Figure 7B ), we arrive at a structure similar to the one presented in Figure 8 . Leveraging the fuzzy oil drop model to identify amyloidogenic properties in proteins is discussed in [36] . The presented work focuses on mathematical formulations of amyloidogenesis, expressed as a fringe case of 3D Gaussian variability.
Ribbonlike protein micelles (satisfying σ y >>>> σ x > σ z ) have some peculiar properties. Instead of the length of the entire unit molecule, we consider the length of a single β strand (Figure 6) . A hypothetical distribution of residues corresponding to the chart shown in Figure 8 can be proposed: regardless of the distribution of hydrophobicity along each individual β fragment, the resulting distribution favors the formation of a ribbonlike micelle, with linear propagation (Y axis) of an identical (or highly similar) distribution of hydrophobicity along the β component (X axis) ( Figure 5C,E) .
The sequence of residues forming a β strand may vary and does not always satisfy the abovementioned criterion. Examples include conformations referred to as β sandwiches and β barrels ( Figure 5C ,E).
Results

Distribution of Hydrophobicity in Short Segments of Amyloid-Forming Proteins
Short peptides may adopt conformations such as the basic cross-β-sheet, composed of tightly-packed repetitive β-sheets. Some examples of parallel and antiparallel structures are described in [25] . Figure 9 illustrates the distribution of hydrophobicity (hydrophobicity parameters) in systems comprised of adjacent parallel β-sheets. These distributions follow the intrinsic hydrophobicity ascribed to each amino acid (see [36] for an applicable scale). Figure 10 illustrates the corresponding distribution in antiparallel systems. Leveraging the fuzzy oil drop model to identify amyloidogenic properties in proteins is discussed in [36] . The presented work focuses on mathematical formulations of amyloidogenesis, expressed as a fringe case of 3D Gaussian variability.
Ribbonlike protein micelles (satisfying σy >>>> σx > σz) have some peculiar properties. Instead of the length of the entire unit molecule, we consider the length of a single β strand (Figure 6) . A hypothetical distribution of residues corresponding to the chart shown in Figure 8 can be proposed: regardless of the distribution of hydrophobicity along each individual β fragment, the resulting distribution favors the formation of a ribbonlike micelle, with linear propagation (Y axis) of an identical (or highly similar) distribution of hydrophobicity along the β component (X axis) ( Figure 5C,E) .
Results
Distribution of Hydrophobicity in Short Segments of Amyloid-Forming Proteins
Short peptides may adopt conformations such as the basic cross-β-sheet, composed of tightly-packed repetitive β-sheets. Some examples of parallel and antiparallel structures are described in [25] . Figure 9 illustrates the distribution of hydrophobicity (hydrophobicity parameters) in systems comprised of adjacent parallel β-sheets. These distributions follow the intrinsic hydrophobicity ascribed to each amino acid (see [36] for an applicable scale). Figure 10 illustrates the corresponding distribution in antiparallel systems. Figure 9 reveals an obvious tendency for highly hydrophobic areas to propagate linearly. This is due to the parallel arrangement of similar (identical) polypeptide chain fragments. Hydrophobic interactions appear to have a dominant effect on the conformational properties of the resulting structure, overriding charge distribution (note that polar residues will also be placed in close contact with one another). In such cases, charge-charge interactions may be decreased significantly via easy access to water, since the fibril does not generate any compact globular feature.
Linear propagation of highly hydrophobic areas, as shown in Figure 6D , outlines the analogies between ribbonlike micelles formed by dye molecules and those formed by polypeptides. The end result (shown in Figure 10 ) can be explained on the grounds of the fuzzy oil drop model as a boundary case (σy >>>> σx > σz).
The spiral twist in Beta-amyloids should be taken into account as the consequence of Cα atom chirality. The local minimum on the Ramachandran map for Beta-structural forms is not localised for Phi = 180 and Psi = 180 degrees. Additionally, Beta-amyloids are constructed by polypeptides of the identical sequence. As a consequence, the identical charges are within close distance. The presence of water decreases repulsion, however the increase of distance in twisted forms additionally supports the decrease of repulsion. This spiral twist is not observed in 2MXU despite the presence of short Beta-fragments with identical sequences. This spiral twist is impossible due to the stabilization role of other Beta-sheets present in this amyloid. We assume that isolated Beta-sheets from 2MXU could represent the spiral twist.
Amyloid Structure in the Context of the Fuzzy Oil Drop Model
The reference amyloid structure considered in this work is the human amyloid β (Aβ (1-42) ), exemplified by 2MXU [26, 41, 42] . Only the 11-42 fragment has been deposited, with its conformational properties determined using solid-state NMR [43] .
The system consists of 12 polypeptide chains, with 32 residues each . Each chain contains three β strands (12-18, 24-32, 36-41).
The PDB structure enables the calculation of protein properties based on the fuzzy oil drop model. RD(R) and RD(H) parameters listed in Table 2 approach unity when the structure deviates from the theoretical distribution in favor of either the uniform or the intrinsic distribution. Correlation coefficients expressing the relation between intrinsic and observed hydrophobicity reveal that the final conformation is dominated by intrinsic properties of each residue-the system does not generate a common hydrophobic core surrounded by a hydrophilic shell. Figure 9 reveals an obvious tendency for highly hydrophobic areas to propagate linearly. This is due to the parallel arrangement of similar (identical) polypeptide chain fragments. Hydrophobic interactions appear to have a dominant effect on the conformational properties of the resulting structure, overriding charge distribution (note that polar residues will also be placed in close contact with one another). In such cases, charge-charge interactions may be decreased significantly via easy access to water, since the fibril does not generate any compact globular feature.
Linear propagation of highly hydrophobic areas, as shown in Figure 6D , outlines the analogies between ribbonlike micelles formed by dye molecules and those formed by polypeptides. The end result (shown in Figure 10 ) can be explained on the grounds of the fuzzy oil drop model as a boundary case (σ y >>>> σ x > σ z ).
The PDB structure enables the calculation of protein properties based on the fuzzy oil drop model. RD(R) and RD(H) parameters listed in Table 2 approach unity when the structure deviates from the theoretical distribution in favor of either the uniform or the intrinsic distribution. Correlation coefficients expressing the relation between intrinsic and observed hydrophobicity reveal that the final conformation is dominated by intrinsic properties of each residue-the system does not generate a common hydrophobic core surrounded by a hydrophilic shell. Table 2 . Relative distance (RD) parameters calculated as the relative distance between reference distributions (T vs. R and T vs. H) for the complete structure deposited in PDB with ID 2MXU. The three rightmost columns list the correlation coefficients. Values indicating significant deviation from the idealized distribution (expected for a protein which undergoes folding in water) have been given in bold. The underscored values show good agreement between all three sets of parameters, although RD reveals significant discordance versus the theoretical distribution. Position β-sheet fragment-β-sheet treated as part of the complex; β-sheet-each β-sheet treated as an individual unit independent of the rest of the chains. The different status of individual chains in 2MXU as expressed by the RD values is the consequence of differences in the 3D Gauss function in certain areas. When the linear form is overlapped by the globular one there is a certain location with an occasional better fit of these two forms. Chains C and D as well as A and E occupy similar symmetric positions in a complex. This is why their status is also similar (see Figure 11 ).
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forms. Chains C and D as well as A and E occupy similar symmetric positions in a complex. This is why their status is also similar (see Figure 11) . Figure 11 illustrates the theoretical (T) and observed (O) hydrophobicity distribution in the 2MXU amyloid (for the structure as deposited in PDB). The T profile in Figure 11 is symmetrical, while the O distribution shows some differences since the structure of the chains is not identical. The theoretical distribution expects the hydrophobicity concentration in a central part of the molecule and low hydrophobicity on the area close to the surface. The zig-zag form of the theoretical distribution is due to polypeptide going back and forth from one surface site to the opposite one. A small progression of stepwise changes can be seen particularly in the fragment 29-42 (C-terminal fragment of each chain). This is the reason for the different parameters given in Table 2 .
Comparing both distributions (T and O) reveals that no prominent hydrophobic core is present. Instead, the observed distribution appears highly uniform. According to the fuzzy oil drop model, hydrophobicity is expected to taper off at each end of the complex, forming a hydrophilic shell which ensures solubility. In the presented case, however, the decrease in hydrophobicity at both ends is caused simply by the absence of another adjacent chain. The observed distribution describes a micellar system-it corresponds to our definition of a cylindrical micelle where the central part exhibits similar properties in each transverse cross section.
The β strands present in the chain are also characterized by a distribution of hydrophobicity which does not resemble a soluble protein. The β sheet at 36-41 (in all chains) is somewhat accordant, but nevertheless deviates from the theoretical expectations. Examples of such discordance-as well as their scope-are illustrated in Figure 12 . The profiles shown in Figure 12A visualise the change of hydrophobicity along the long diagonal of the complex. The low levels represent the expected low hydrophobicity expected in the terminal peptides. The highest profile represents the central peptides which are expected to be the highest concentration of hydrophobicity. The green line expresses the intrinsic hydrophobicity of Figure 11 . Theoretical (blue) and observed (red) distribution of hydrophobicity in the entire complex (2MXU). Figure 11 illustrates the theoretical (T) and observed (O) hydrophobicity distribution in the 2MXU amyloid (for the structure as deposited in PDB). The T profile in Figure 11 is symmetrical, while the O distribution shows some differences since the structure of the chains is not identical. The theoretical distribution expects the hydrophobicity concentration in a central part of the molecule and low hydrophobicity on the area close to the surface. The zig-zag form of the theoretical distribution is due to polypeptide going back and forth from one surface site to the opposite one. A small progression of stepwise changes can be seen particularly in the fragment 29-42 (C-terminal fragment of each chain). This is the reason for the different parameters given in Table 2 .
The β strands present in the chain are also characterized by a distribution of hydrophobicity which does not resemble a soluble protein. The β sheet at 36-41 (in all chains) is somewhat accordant, but nevertheless deviates from the theoretical expectations. Examples of such discordance-as well as their scope-are illustrated in Figure 12 . forms. Chains C and D as well as A and E occupy similar symmetric positions in a complex. This is why their status is also similar (see Figure 11 ). Figure 11 illustrates the theoretical (T) and observed (O) hydrophobicity distribution in the 2MXU amyloid (for the structure as deposited in PDB). The T profile in Figure 11 is symmetrical, while the O distribution shows some differences since the structure of the chains is not identical. The theoretical distribution expects the hydrophobicity concentration in a central part of the molecule and low hydrophobicity on the area close to the surface. The zig-zag form of the theoretical distribution is due to polypeptide going back and forth from one surface site to the opposite one. A small progression of stepwise changes can be seen particularly in the fragment 29-42 (C-terminal fragment of each chain). This is the reason for the different parameters given in Table 2 .
The β strands present in the chain are also characterized by a distribution of hydrophobicity which does not resemble a soluble protein. The β sheet at 36-41 (in all chains) is somewhat accordant, but nevertheless deviates from the theoretical expectations. Examples of such discordance-as well as their scope-are illustrated in Figure 12 . The profiles shown in Figure 12A visualise the change of hydrophobicity along the long diagonal of the complex. The low levels represent the expected low hydrophobicity expected in the terminal peptides. The highest profile represents the central peptides which are expected to be the highest concentration of hydrophobicity. The green line expresses the intrinsic hydrophobicity of The profiles shown in Figure 12A visualise the change of hydrophobicity along the long diagonal of the complex. The low levels represent the expected low hydrophobicity expected in the terminal peptides. The highest profile represents the central peptides which are expected to be the highest concentration of hydrophobicity. The green line expresses the intrinsic hydrophobicity of each fragment. The red lines ( Figure 12B ) visualise the observed distribution. The majority of the profiles visualise the high level of hydrophobicity common for all the peptides. The two lower ones are different due to the lack of a neighbour at the terminal positions. The red lines visualise the status of the polypeptide chain fragments as the result of clearly following the intrinsic hydrophobicity against the theoretical expectation.
Further analysis of the distributions presented in Figure 13A suggests a major local hydrophobicity deficiency at position 28. In contrast, positions 24-26, where low hydrophobicity would be expected, are instead found to be of higher hydrophobicity. This particular fragment is exposed on the surface and therefore greatly reduces protein solubility. We should also note that similar deviations are present in each individual chain, likely as a result of interactions with adjacent chains. Figure 12B ) visualise the observed distribution. The majority of the profiles visualise the high level of hydrophobicity common for all the peptides. The two lower ones are different due to the lack of a neighbour at the terminal positions. The red lines visualise the status of the polypeptide chain fragments as the result of clearly following the intrinsic hydrophobicity against the theoretical expectation. Further analysis of the distributions presented in Figure 13A suggests a major local hydrophobicity deficiency at position 28. In contrast, positions 24-26, where low hydrophobicity would be expected, are instead found to be of higher hydrophobicity. This particular fragment is exposed on the surface and therefore greatly reduces protein solubility. We should also note that similar deviations are present in each individual chain, likely as a result of interactions with adjacent chains. In conclusion, the distribution of observed hydrophobicity points to the lack of an encapsulating hydrophilic "shell" (as evidenced by the initial and final peptide in the complex). Instead, linear propagation is ensured by close proximity of β strands characterized by identical hydrophobicity distribution profiles. This phenomenon underscores the fundamental importance of hydrophobic interactions.
The charts presented in Figure 13 also reveal that-in addition to the two distinct peaks of hydrophobicity-each chain contains a local minimum which disrupts the formation of a common, central core. The fragment at 36-41 (Table 2) is characterized by high correlation coefficients (O vs. H, O vs. T, and T vs. H) suggesting good agreement between the observed and theoretical distribution-however, this observation is not borne out by the values of RD, which instead evidence significant deviations from T.
To conclude, the presented results indicate that the lack of a prominent hydrophobic core, along with exposure of the hydrophobic residues, promote the formation of fibrillar structures. Applying the same mechanism to other proteins reveals a local ordering which is inconsistent with the fuzzy oil drop model and instead resembles an amyloid. Similarities between the distributions illustrated in Figures 11  and 12 , and the one presented in Figure 13 should be noted-clearly, both cases favor linear propagation of similarly ordered fragments [25] . The lack of a hydrophilic shell (cf. Figure 11 -low hydrophobicity in terminal sections) prevents "closure" and, consequently, enables linear propagation of the complex.
Treating Beta-sheets as independent ribbon-like micelles gives the following Gaussian function parameters: σx can be calculated as 1/6 of the Beta-structural fragment which is 2.6 Å (for the 12-18 fragment), 2.8 Å (for the 24-32 fragment), and 2.5 Å (for the 36-41 fragment), σy is infinitely large for the real fibril (in our limited example this parameter is equal to 9 Å) and σz is proportional to the averaged side chain length in the Beta-structural fragment.
Similar distributions have been identified in transthyretin where some β strands remain consistent with the model while others deviate from it in favor of a distribution based on the intrinsic hydrophobicity of individual residues [36] . In conclusion, the distribution of observed hydrophobicity points to the lack of an encapsulating hydrophilic "shell" (as evidenced by the initial and final peptide in the complex). Instead, linear propagation is ensured by close proximity of β strands characterized by identical hydrophobicity distribution profiles. This phenomenon underscores the fundamental importance of hydrophobic interactions.
To conclude, the presented results indicate that the lack of a prominent hydrophobic core, along with exposure of the hydrophobic residues, promote the formation of fibrillar structures. Applying the same mechanism to other proteins reveals a local ordering which is inconsistent with the fuzzy oil drop model and instead resembles an amyloid. Similarities between the distributions illustrated in Figures 11 and 12 , and the one presented in Figure 13 should be noted-clearly, both cases favor linear propagation of similarly ordered fragments [25] . The lack of a hydrophilic shell (cf. Figure 11 -low hydrophobicity in terminal sections) prevents "closure" and, consequently, enables linear propagation of the complex.
Treating Beta-sheets as independent ribbon-like micelles gives the following Gaussian function parameters: σ x can be calculated as 1/6 of the Beta-structural fragment which is 2.6 Å (for the 12-18 fragment), 2.8 Å (for the 24-32 fragment), and 2.5 Å (for the 36-41 fragment), σ y is infinitely large for the real fibril (in our limited example this parameter is equal to 9 Å) and σ z is proportional to the averaged side chain length in the Beta-structural fragment.
Similar distributions have been identified in transthyretin where some β strands remain consistent with the model while others deviate from it in favor of a distribution based on the intrinsic hydrophobicity of individual residues [36] .
Cylindrical Micelle in Proteins
As mentioned in Table 1 , a cylindrical micelle can be observed in proteins which contain solenoid-like fragments. We have selected two examples for analysis: a lyase-bacterial chondroitinase b pectate lyase (PDB ID: 1DBG) [33] and a cell adhesion protein-Bordetella pertussis virulence factor p. 69 (PDB ID: 1DAB) [27] . Linear propagation in both proteins is visualised in Figure 14 . In order to prevent infinite propagation, a "stop" signal is necessary. This role appears to fall to the short fragments highlighted in Figure 15 (red coloring) .
A review of various "stop" signals employed by proteins which exhibit a linear distribution of hydrophobicity is presented in [44] . 
A review of various "stop" signals employed by proteins which exhibit a linear distribution of hydrophobicity is presented in [44] . N-terminal helix preventing further propagation of the fibrillar structure and a loose loop which disrupts linear ordering; green-residues believed to mediate biological activity; (B) cell adhesion protein (1DAB): short β strand and C-terminal loop preventing propagation of fibrillar forms in either direction; dark blue-fragment believed to mediate interaction with epithelial cells [27] (GGXXP)5. Such propagation might continue indefinitely in the absence of a "stop" signal. As the protein under consideration is found in healthy organisms, it must be protected against amyloid clustering. The corresponding "stop" fragments are highlighted in Figure 15 -they work by disrupting the terminal sections of the solenoid, rendering them consistent with the fuzzy oil drop model (red sections in Figure 15 ). In particular, the helical fragment shown in Figure 15A is recognized as an amphiphilic helix. This phenomenon may hint upon the effective means of arresting linear propagation of fibrillar aggregates in patients suffering from amyloidosis.
Discussion
We initially wanted to give our paper the following title: "Proteins-intelligent micelles". While controversial, this comparison appears justified. The universal nature of the 3D Gaussian function, which-when suitably modified-can model any type of micelle consisting of surfactants or even protein molecules, may also be leveraged to explain the continuity of structural changes leading to the emergence of such structures. This common mathematical formulation enables the analysis of various proteins, from spheres, through globules, all the way to cylindrical and ribbonlike forms. Modifying the Gaussian function (by altering the relation between its sigma coefficients) reflects changes which occur in real proteins. Our analysis of proteins with varying structures and biological profiles based on the fuzzy oil drop model supports this conclusion, as reported in our to-date publications.
Most protein domains, when treated as individual units, conform to the theoretical distribution of hydrophobicity expressed by the Gaussian function. In spherical protein micelles, dominated by the interactions between residues and the water environment, the tertiary conformation remains highly consistent with the fuzzy oil drop model. Domains referred to as immunoglobulin strands, despite significant structural similarities, represent variable fuzzy oil drop characteristics-from titin (which conforms to theoretical predictions with near-perfect accuracy), through unstable fragments in immunoglobulin domains, all the way to enzymes (which may also contain immunoglobulin folds) [45] . In addition to describing structural properties, the fuzzy oil drop model also explains the effect of the water environment upon the folding process as it occurs in vivo. Hydrophobic collapse is regarded as a solution to Levinthal's paradox [46] .
Discussions concerning the fundamental role of the hydrophobic core have a long history [47] , with both experimental [48] and theoretical approaches [49] . It has been shown that hydrophobic residues are very stringently segregated into the protein core [50] while exposed hydrophobicity is a driving force for protein aggregation in Huntington's disease-along with examples of how a hydrophobic core can minimize protein aggregation. The problem of dystrophin aggregation was the subject of an analysis based on the fuzzy oil drop model [10] . It was shown that the presence of an additional domain in the interface area provides further stabilization in dystrophin.
Conclusions
Our research indicates that the limited quantity of information carried by the amino acid sequence is only sufficient for determining the structure of the so-called early intermediate [51] . The observed deficit is compensated by information contributed by the water environment. Accordingly, mechanisms which drive the formation of amyloid forms may be explained by referring to the properties of the surrounding water. This suggestion is corroborated by experimental studies [52] -it should also be noted that the structuralization of water has not previously been subjected to a comprehensive analysis [53] .
Amyloids assume the form of ribbonlike micelles. An elongated, linearly ordered distribution of hydrophobicity may emerge when the fibril is composed of short, identical peptide sequences. Such aggregation is further promoted by the clustering of β folds which possess similar hydrophobicity profiles. As shown above, many proteins include short fragments, which (1) do not conform to the theoretical Gaussian form; (2) clearly oppose the expected distribution of hydrophobicity; (3) lack a prominent hydrophobic core and (4) are capable of aggregating with similar partners (adjacent β strands), ensuring linear propagation. This is particularly evident in amyloids generated by short peptides. When dealing with longer sequences, it is usually enough to find two non-identical fragments characterized by similar hydrophobicity distributions-aggregation and propagation of such fragments lead to elongated fibrillar forms which may grow without bound. The formation of an amyloid becomes even more probable when external conditions favour recruitment of additional molecules (or fragments).
A spherical micelle appears to "embed" itself in the natural structural environment generated by water and should be viewed as the product of the water environment acting upon the protein chain. In contrast, a ribbonlike micelle, which lacks a hydrophilic shell itself, affects the structuralization of the environment and may therefore promote biological activity. The specific nature of the force field generated by exposed hydrophobicity may explain the specificity of ligand-protein interactions, with each ligand capable of "reading" the expected structuralization of water. Such behavior relates to the so-called iceberg hypothesis which posits that proteins communicate by altering the structuralization of water in their neighborhood [54] .
Experimental studies concerning amyloidogenesis point to the special role of hydrophobic residues [55] [56] [57] . If interactions between residues forming the sequence do not promote the formation of a common, central hydrophobic core, a different type of ordering may take hold-one in which local peaks and troughs aggregate linearly.
A discussion of issues related to protein micelles-with a particular focus on the most common type of micellar structure, i.e., a membrane, as well as the role of detergents, can be found in [57] . The opinion "more and more secreted proteins have been found to have the potential to produce extracellular amyloid deposits in multiple organs" was expressed in [58, 59] . Analysis based on the structure of the observed hydrophobic core and its deformations can identify fragments whose own local profiles favor the formation of linearly propagating fibrillar structures. Recently, an opinion regarding the lack of knowledge of amyloidogenesis mechanisms is expressed in [6] . Figure 16 graphically summarizes the presented study of mechanisms responsible for generating both native and fibrillar structures. and propagation of such fragments lead to elongated fibrillar forms which may grow without bound. The formation of an amyloid becomes even more probable when external conditions favour recruitment of additional molecules (or fragments).
A discussion of issues related to protein micelles-with a particular focus on the most common type of micellar structure, i.e., a membrane, as well as the role of detergents, can be found in [57] . The opinion "more and more secreted proteins have been found to have the potential to produce extracellular amyloid deposits in multiple organs" was expressed in [58, 59] . Analysis based on the structure of the observed hydrophobic core and its deformations can identify fragments whose own local profiles favor the formation of linearly propagating fibrillar structures. Recently, an opinion regarding the lack of knowledge of amyloidogenesis mechanisms is expressed in [6] . Figure 16 graphically summarizes the presented study of mechanisms responsible for generating both native and fibrillar structures. . Polypeptide chain folding process, starting with a disordered structure (A); Thick lines represent the hydrophobic fragments of the chain. Path 1 leads to a centralized hydrophobic core surrounded by a hydrophilic shell, which is consistent with the fuzzy oil drop model (B); producing individual soluble molecules. This structure is generated through interactions between the protein chain and its water environment (inward-pointing arrows). Each molecule folds on its own, achieving a fuzzy-oil-drop-compliant state (C-E); In contrast, path 2 is not affected by the external environment (or, alternatively, takes place in an environment which has been structurally altered), leading to conformations dominated by the intrinsic hydrophobicity of each participating residue. The result is an ordered sequence of hydrophobic (grey bars) and hydrophilic (white bars) zones. This conformation favors linear propagation (F); which can be either parallel (F,G) or oblique (H,I). Figure 16 . Polypeptide chain folding process, starting with a disordered structure (A); Thick lines represent the hydrophobic fragments of the chain. Path 1 leads to a centralized hydrophobic core surrounded by a hydrophilic shell, which is consistent with the fuzzy oil drop model (B); producing individual soluble molecules. This structure is generated through interactions between the protein chain and its water environment (inward-pointing arrows). Each molecule folds on its own, achieving a fuzzy-oil-drop-compliant state (C-E); In contrast, path 2 is not affected by the external environment (or, alternatively, takes place in an environment which has been structurally altered), leading to conformations dominated by the intrinsic hydrophobicity of each participating residue. The result is an ordered sequence of hydrophobic (grey bars) and hydrophilic (white bars) zones. This conformation favors linear propagation (F); which can be either parallel (F,G) or oblique (H,I).
